Two class association schemes consist of either strongly regular graphs (SRG) or doubly regular tournaments (DRT). We construct self-dual codes from the adjacency matrices of these schemes. This generalizes the construction of Pless ternary Symmetry codes, Karlin binary Double Circulant codes, Calderbank and Sloane quaternary double circulant codes, and Gaborit Quadratic Double Circulant codes (QDC). As new examples SRG's give 9 (resp. 29) new Type I (resp. Type II) [72, 36, 12] codes. We construct a [200, 100, 12] Type II code invariant under the Higman-Sims group, a [200, 100, 16] Type II code invariant under the Hall-Janko group, and more generally self-dual binary codes attached to rank three groups.
Introduction
Many classical constructions of doubly circulant self-dual codes use the Paley Hadamard matrix of order p + 1 based on the quadratic residues modulo p. To wit Karlin binary double circulant codes [29, p.507 ], Pless ternary symmetry codes [31] , Calderbank-Sloane quaternary double circulant codes [7] , and more generally Gaborit Quadratic Double Circulant codes [13] . When −1 is a quadratic residue modulo p, this matrix is related to the adjacency matrix of a Strongly Regular Graph (SRG). When −1 is a quadratic non-residue modulo p, this matrix is related to the adjacency matrix of a Doubly Regular Tournament (DRT). A combinatorial structure that captures both cases is that of a two-class commutative association scheme, with adjacency matrices A 1 and A 2 . When the scheme is symmetric, that is A 1 = A T 1 , we see that A 1 is the adjacency matrix of a SRG. When the scheme is not symmetric, that is A 2 = A T 1 , we see that A 1 is the adjacency matrix of DRT. The aim of the present research is to generalize Gaborit's QDC at that level of generality, thus unifying many classical constructions; and hopefully paving the way for new ones. In particular we will give very general self-duality conditions valid over any commutative alphabet ring; and will specialize them in the case of the four main alphabets of interest for self-dual codes F 2 , F 3 , F 4 , Z 4 . Some of our examples are extremal self-dual codes (e.g. Golay code, two Conway Pless codes in length 32, Type III codes in lengths 40, 48, 64); others are conjecturally optimal (especially several non equivalent [72, 36, 12] , both Type I and Type II); finally, some have very interesting automorphism groups (section on SRGs from rank three groups).
The article is organized in the following way. The next section collects definitions and notation from codes and association schemes. Section III contains the general self-duality conditions for the pure and bordered constructions and for SRG's and DRT's. Section IV specializes these conditions to the four said alphabets. Section V contains examples of codes constructed from SRG's and Section VI of codes constructed from DRTs. Section VII makes explicit the connection with QDC's.
Definitions and Notation

Codes over Rings
Let R be a finite commutative ring with identity, and characteristic m. Let φ be a permutation of R. A code of length n over R is a subset of R n and the code is said to be linear if it is an R−submodule of R n . We equip R n with the inner product
When φ is the identity we will call this the Euclidean inner product, and we call it the Hermitian inner product otherwise. A code of length n over R is an R−submodule of R n .
The dual C ⊥ of a code C is understood with respect to the above inner product. A code is self-dual if it is equal to its dual and self-orthogonal if it is contained in its dual. If R = Z 2m with m integral, then a self-dual code is Type II if the Euclidian weight of each of its elements is a multiple of 4m. Here the Euclidean weight of x = (x 1 , . . . , x n ) ∈ Z n 2m
is w E (x) = n i=1 w E (x i ), where w E (a) = (min(a, 2m − a)) 2 , for a ∈ Z 2m . For a complete description of self-dual codes see [32] . A linear code over R is free if it has rank r and |R| r elements. If R is a field then all linear codes are free. For any undefined terms from coding theory see [29] or [24] .
Association schemes
Let X be a set of size v. A two class association scheme on X is a partition of X × X into three relations R 0 , R 1 , R 2 such that
3. for any triple i, j, k the number of z ∈ X such that (x, z) ∈ R i and (z, y) ∈ R j is a constant p k ij which does not depend on the choice of x and y that satisfy (x, y) ∈ R k . Furthermore we recall that by [22] a two class scheme is commutative i.e. p k ij = p k ji for any triple of indices i, j, k. With each such object we attach the algebra of matrices over the complex spanned by the adjacency matrices A 0 = I, A 1 , A 2 of the relations R i . We let J denote the all one matrix and I the identity matrix. We observe that two cases may occur. Either A [33] ). In both cases we have A 2 = J − I − A 1 =: A 1 , and the matrix A := A 1 satisfies the equation
and either
for SRGs, or
for DRTs. A classical construction of a SRG (the Paley graph) is constructed from quadratic residues in F q , when q ≡ 1 (mod 4), and A = Q = N. The parameters are well-known to be (q,
) (see e.g. [15, p.183] ). A classical example of a DRT is Paley's tournament when q ≡ −1 (mod 4), and A = Q = N T . Its parameters are (q,
). It should be noted that a DRT (v, κ, µ − 1, µ) is a DRAD(v, κ, k − µ) in the sense of [25] .
General Constructions
Let A be the adjacency matrix of a graph G (first adjacency graph of a two class association scheme) with v vertices, degree κ, with parameters λ and µ.
We shall consider two cases, namely the first case, G is an SRG, is when A T = A and the second case, G is a DRT, is when A T = A.
Lemma 3.1 If G is an SRG we have
If G is a DRT we have
Proof. The first case follows from the known value of A 2 . The second case can be done by replacing A T = A with J − I − A, and using the known value of AJ and A
. 2
For a DRT with parameters (v, κ, λ, µ),
12 . Hence µ = λ + 1. As a summary, we list relations among the parameters in the following lemma.
Lemma 3.2
If G is a DRT with parameters (v, κ, λ, µ), then v = 4λ + 3, κ = 2λ + 1, and µ = λ + 1.
We describe the following constructions: for arbitrary scalars r, s, t ∈ R let Q R (r, s, t) = (rI + sA + tA).
The pure construction is P R (r, s, t) = (I | Q R (r, s, t)).
The bordered construction is
Let P R (r, s, t) be the row span over R of P R (r, s, t) and let B R (r, s, t) be the row span over R of B R (r, s, t).
Fundamental Example: When A is the incidence matrix of the Paley graph or of the Paley tournament then the two families of codes above are the first two mentioned in [13] .
The code P R (r, s, t) is a code over R of length 2v and the code B R (r, s, t) is a code over R of length 2v + 2.
The code P R (r, s, t) is a free code over any ring R with |R| v elements and the code B R (r, s, t) is a free code over any ring R with |R| v+1 elements. Hence to show that they are self-dual we need only show that they are self-orthogonal. We begin with the pure case. For the code P R (r, s, t) to be self-orthogonal we need (I | Q R (r, s, t))(I | Q R (r, s, t))
That is we need Q R (r, s, t)Q R (r, s, t) T = −I.
Lemma 3.3 For SRGs we have
For DRTs we have
Proof. Follows from a straightforward computation using Lemma 3.1, and Equations 1 and 2. 2
The Euclidean weight of any row of (I | Q R (r, s, t)) is 1 + r
then the code P R (r, s, t) is a Type II code. For B R (r, s, t) to be self-dual we need the following:
The first equation is the inner-product of the top row with itself. The second is the innerproduct of the top row with any other row, and the third ensures that the other rows are orthogonal to each other.
The third equation requires that
When R = Z 2m for this code to be Type II we need the congruences
(inner product of top row with itself) and
(inner product of any other row with itself). We summarize the results in this section with the following two theorems.
Theorem 3.4 The code P R (r, s, t) formed from an SRG is Euclidean self-dual over R if and only if
The code P R (r, s, t) formed from a DRT is Euclidean self-dual over R if and only if
Furthermore, the self-dual code is Type II over Z 2m if and only if 1+r 2 +s 2 κ+t
Theorem 3.5 The code B R (r, s, t) formed from an SRG is Euclidean self-dual over R if and only if
The code B R (r, s, t) formed from a DRT is Euclidean self-dual over R if and only if
Furthermore, this self-dual code is Type II over Z 2m if and only if
Self-duality conditions by alphabet
We simplify the preceding conditions for self-duality in characteristic 2, 3, and 4.
4.1 R = F 2
SRGs
Over F 2 the equations in Lemma 3.3 for SRG reduce to
and then by using Fermat little theorem
We use these to examine when the constructions give self-dual codes. In the columns we give the conditions necessary for the results. For the bordered we only give the conditions on v, κ, λ, µ and γ. Additionally it must satisfy the necessary conditions given for α and β.
In the table all equalities are given in F 2 and congruences are given modulo 4. 
DRTs
Over F 2 the equations for DRT do not reduce except that r 2 = r, s 2 = s, t 2 = t, by Fermat's Little Theorem. We recall from Lemma 3.2 that the parameters of a DRT satisfy, v = 4λ + 3, κ = 2λ + 1, µ = λ+1. This gives that P (1, 1, 0) and P (1, 0, 1) are never self-dual codes since the equations would imply that κ must be 0 in this case which contradicts that κ = 2λ + 1 which is always 1 modulo 2. It also gives that B(1, 1, 1) is never self-dual since it requires µ = λ which is also a contradiction. 
The case when r = 0, s = t = 1 gives an interesting result in the pure case. The construction gives the matrix (I | J − I) which would only be self-dual if the order of the matrices is even. However, the result gives that there are no self-dual codes from which we recover the known result that a DRT must have v ≡ 1 (mod 2).
R = F 4
For F 4 we shall use the Hermitian inner-product. Hence we need to compute an analog of the computation in Lemma 3.3:
Lemma 4.1 Over F 4 with involution φ for SRGs we have
Over F 4 with involution φ for DRTs we have
Proof. If the involution of F 4 is φ then we have
Then we notice that in F 4 we have φ(a) = a 2 and then using that the characteristic is 2, the computation follows. 
Pure case
We determine now when codes obtained from SRGs in the pure construction over F 4 are self-dual. If s and t are non-zero then
If s = 0 t = 0 then
We determine now when codes obtained from DRTs in the pure construction over F 4 are self-dual.
If both s and t are non-zero then
If one of s and t are non-zero then r 3 = 1 + κ that is r is non-zero if and only if κ ≡ 0 (mod 2). If s = 0 t = 0 then
Then using that µ = λ + 1 and that s = 0 we have r 2 = rs. Hence if r is non-zero then r = s.
Bordered case
We determine now when codes obtained from SRGs in the bordered construction over F 4 are self-dual. If s and t are non-zero then
We determine now when codes obtained from DRTs in the bordered construction over
Over F 3 we see that we cannot have s = t = 0. The equalities in Tables 3,4 ,5,6 are all in the field F 3 . Table 3 : SRG ternary self-dual codes: pure case 
All the codes we constructed over Z 4 are free. We recover several known constructions. The general case of DRT is in [8, p.41 ] via the equivalence with skew Hadamard matrices. 
For instance, equation (40) 
Pure Case
We determine now when codes obtained from SRGs in the pure construction over Z 4 are self-dual. If s and t are both non units then r 3 = 3, an equation without a solution. So we assume that at least one of s or t is a unit. If s is a unit, and t a non-unit then
If s is a non-unit, and t a unit then
If both s and t are units then r = v = 0. We determine now when codes obtained from DRTs in the pure construction over Z 4 are self-dual. If s and t are both non units then r 3 = 3, an equation without a solution. So we assume that at least one of s or t is a unit. If s is a non-unit, and t a unit then
If s is a unit, and t a non-unit then
If both s and t are units then
Bordered Case
We determine now when codes obtained from SRGs in the bordered construction over Z 4 are self-dual. If s, t are both non-units then r 2 + γ 2 = 3, an equation without a solution.
We determine now when codes obtained from DRTs in the bordered construction over Z 4 are self-dual. If s, t are both non-units then r 2 + γ 2 = 3, an equation without a solution.
Families of SRG
The following proposition follows by inspection of the generator matrix.
Proposition 5.1 If P (r, s, t) is a self-dual code then B(r, s, t) with γ = β = 0, α = √ −1 is a self-dual code.
We shall not record the bordered case if it is this case unless the code is Type II.
Special graphs
The following graphs can be found in [5] .
The Petersen graph with parameters (10, 3, 0, 1) yields by bordered construction (4, 3, 0) with α = 3, β = 4, γ = 1 a [22, 11, 6 ] self-dual code over F 5 , with automorphism group S 5 . The Shrikhande graph with parameters (16, 6, 2, 2) yields by pure construction (1, 1, 0) an extremal Type II [32, 16, 8] 
Line graph of complete graph
The graph L(K n ) is equivalent to the Johnson scheme J(n, 2) [ , 2n − 4, n − 2, 4).
• If n ≡ 0 (mod 4) then P F 2 (0, 0, 1) is self-dual.
• If n is even then P F 2 (1, 1, 0) is a self-dual code.
Examples: For the graph L(K 6 ) the code P F 2 (1, 1, 0) is an optimal Type I [30, 15, 6] code. For the graph L(K 8 ) the code P F 2 (0, 0, 1) is a Type II [56, 28, 8] code.
• If n ≡ 0 (mod 4) then P F 4 (0, 0, a), P F 4 (0, a, 0) and , P F 4 (0, a, a), where a = 0, are self-dual codes over F 4 .
• If n ≡ 1 (mod 4) then P F 4 (0, a, a), where a = 0, is a self-dual code over F 4 .
• If n ≡ 2 (mod 4) then P F 4 (a, a, a) and P F 4 (a, a, 0), where a = 0, is a self-dual code over F 4 .
• If n ≡ 3 (mod 4) then P F 4 (ω, 0, ω 2 ), P F 4 (ω 2 , 0, ω) and , P F 4 (a, a, 0), where a = 0, are self-dual codes over 
Line graph of bipartite complete graph
The graph L(K n,n ), also called square lattice graph, is equivalent to the Hamming scheme H(2, n) [29, Chap.21] . By [17, p. 218 ] the parameters are (n 2 , 2n − 2, n − 2, 2).
If n is even then P F 2 (0, 0, 1) is a Type I code and P F 2 (1, 1, 0) is a Type II code. Examples: For the graph L(K 4,4 ) the code P F 2 (0, 0, 1) is a [32, 16, 6 ] Type I code, and P F 2 (1, 1, 0) is an extremal Type II [32, 16, 8] code.
• If n is even then P F 4 (0, a, a), P F 4 (0, 0, a) and , P F 4 (a, a, 0), where a = 0, are self-dual codes over F 4 .
• If n is odd then P F 4 (ω, 0, ω 2 ), P F 4 (ω 2 , 0, ω), P F 4 (ω 2 , ω, 0) and , P F 4 (ω, ω 2 , 0) are selfdual codes over F 4 .
Examples: For the graph L(K 3,3 ) the code P F 4 (ω, 0, ω 2 ) is a [18, 9, 6 ] Type IV code.
For the graph L(K 5,5 ) the code P F 4 (ω, 0, ω 2 ) is a [50, 25, 8] Type IV code.
Orthogonal arrays
An orthogonal array OA(h, n) as defined in [17, p. 224 • If both h and n are even then P F 2 (0, 0, 1) is a self-dual code and if h ≡ 0 (mod 4) the code is Type II.
• If both h and n are even then P F 2 (1, 1, 0) is a self-dual code and if h ≡ 2 (mod 4) the code is Type II.
• If h is odd and n is even then P F 2 (0, 1, 0) is a self-dual code and if h ≡ 3 (mod 4) and n ≡ 2 (mod 4) or h ≡ 1 (mod 4) and n ≡ 0 (mod 4) then the code is Type II.
• If h is odd and n is even then P F 2 (1, 0, 1) is a self-dual code and if h ≡ 3 (mod 4) and n ≡ 0 (mod 4) or h ≡ 1 (mod 4) and n ≡ 2 (mod 4) then the code is Type II. 
Line graphs of Steiner systems
Magma database
The following parameters can be found in the [14] there were only two such codes known so far. Non equivalence results from different number of codewords of weight 12, that are, respectively, {490, 526, 634, 682}.
By pure construction (0, 1, 0) we obtain at least 29 [72, 36, 12] Type II codes, that are distinct from the thirty-two constructed in [11] . In the notation of [ 
Rank three groups
Historically, the concept of SRGs was motivated by the action of sporadic simple groups on certain graphs [18] . Following table 10A1 in [18] , we construct (from the pure construction) some self-dual codes invariant under sporadic groups. It is immediate that if a permutation matrix π acts on A by π T Aπ = A, then it acts on P = P F 2 (r, s, t) by the rule
The constructions are summarized in Table 7 . 
Therefore P F 2 (0, 1, 0) is self-dual. As each row of P F 2 (0, 1, 0) has weight 1+κ ≡ 2 (mod 4), P F 2 (0, 1, 0) is singly-even. Similarly we can show that P F 2 (0, 0, 1) is singly-even self-dual. Conversely if P F 2 (0, 1, 0) is self-dual, then the inner product of any two distinct rows of Q F 2 (0, 1, 0) is λ. This needs to be even since P F 2 (0, 1, 0) is self-dual. Thus v ≡ 3 (mod 8).
Next let us consider the bordered construction. We only consider B F 2 (1, 1, 0) since B F 2 (1, 0, 1) can be proved similarly. We have
as λ ≡ 0 (mod 2).
Further the top row of B F 2 (1, 1, 0) is orthogonal to the remaining rows of B F 2 (1, 1, 0). Hence B F 2 (1, 1, 0) is self-dual. Note that all the rows of B F 2 (1, 1, 0) have weight a multiple of 4 using the condition that λ is even. Therefore B F 2 (1, 1, 0) is a doubly-even self-dual code. Conversely suppose that B F 2 (1, 1, 0) is doubly-even self-dual. Then from the above calculation, Q F 2 (1, 1, 0)Q F 2 (1, 1, 0) T = J + κI + λA + λA. So the inner product of any two distinct rows of Q F 2 (1, 1, 0) is 1 + λ. This needs to be odd since B F 2 (1, 1, 0) is self-dual.
Therefore λ must be even. Hence v ≡ 3 (mod 8).
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• Let n = 3. It is known that there is a unique DRT of order 3 which is of a Paley type. As n ≡ 3 (mod 8), P F 2 (0, 1, 0) (and P F 2 (0, 0, 1)) is a self-dual [6, 3, 2] code. It is interesting to note that B F 2 (1, 1, 0) (and B F 2 (1, 0, 1)) with α = 0, β = γ = 1, is equivalent to the unique extended Hamming code of length 8. As λ = 0, κ = 1, and µ = 1, there is no ternary code from pure/bordered construction by Table 5 and Table 6 . P F 4 (1, ω, ω) is the hexacode h 6 [32] which is the unique Hermitian self-dual [6, 3, 4] code over F 4 . B F 4 (1, 1, 0) with α = 0, β = γ = 1 is the unique Hermitian self-dual [8, 4, 4] code over F 4 whose generator matrix is that of the binary Hamming [8, 4, 4] code. B Z 4 (2, 1, 3) with α = 2, β = 1, γ = 3 is the octacode o 8 [32, p. 193] . This is the unique Type II Z 4 -code of length 8. More precisely, there are exactly 24 codes from bordered construction which are all equivalent to o 8 . Another code is B Z 4 (0, 1, 3) with α = 0, β = 1, γ = 3 which is a lift of the binary extended Hamming code of length 8. It is denoted by E 8 [32, p. 193] . Since o 8 and E 8 are the only codes with minimum Hamming weight 4 for this length, our bordered construction over Z 4 using the DRT of order 3 finds both codes.
• Let n = 7. There is a unique DRT of order 7 (No.2 of [20] ). The pure construction P F 2 (1, 0, 0) is a Type I [14, 7, 2] code. B F 2 (0, 1, 1) with α = 0, γ = β = 1 is a Type II [16, 8, 4] code. There are 32 extremal self-dual [16, 8, 6 ] codes over F 3 from bordered construction with various values of α, β, γ, r, s, and t. We get only one such code up to equivalence. For example, B F 3 (1, 1, 0) with α = 1, β = 1, γ = 2 is equivalent to the unique extremal ternary self-dual code f 2+ 8 in the notation of [32] . P F 4 (1, ω, ω) is a Type IV [14, 7, 4] code, and other pure constructions give self-dual codes over Table 9 of [23] .
• Let n = 11. It is known that there is a unique DRT of order 11, which is of a Paley type. It follows from Proposition 6.1 that P F 2 (0, 1, 0) and B F 2 (1, 1, 0) with α = 0, γ = β = 1 are self-dual codes of length 22 and length 24, respectively. Their minimum distances are computed as 6 and 8, respectively. Hence B F 2 (1, 1, 0) is equivalent to the extended Golay code of length 24. B F 3 (0, 1, 2) with α = 0, β = 1, γ = 2 is the Pless Symmetry code S(24). P F 4 (1, 1, ω) is an extremal Type IV [22, 11, 8] code over F 4 with automorphism group order 2
is an optimal Type IV [24, 12, 8] Table 16 .1 of Conway and Sloane [9] ). Other interesting codes are obtained from B Z 4 (r, s, t) with (α, β, γ, r, s, t) = (2, 1, 1, 2, 1, 3), (2, 1, 1, 2, 3, 1), (2, 1, 3, 2, 1, 3 By inspection, we see that these are equivalent. Further they are Type II Z 4 -codes with minimum Hamming weight 4 and minimum Lee weight 8. We check that there are 66 codewords of Hamming weight 4 and 66 codewords of Lee weight of 8. This implies that there is no codeword of Euclidean weight 8. Hence these codes have minimum Euclidean weight 16. We remark that the third case of the above list is the code by Chapman [6] as mentioned in 4.4.
• Let n = 15. There is only one DRT of order 15 [20] . B F 2 (0, 1, 1) with α = 0, β = γ = 1 is a Type II [32, 16, 4] code. There is no self-dual code over GF (3) from pure construction and bordered construction. P F 4 (1, ω, ω) is a Type IV [30, 15, 4] code and P F 4 (0, ω, ω) with α = 0, β = 1, γ = 1 is a Type IV [32, 16, 4] code.
• Let n = 19. There are two DRTs of order 19 [20] . • Let n = 23. There are 19 DRTs of order 23 [20] . We get Type II [48, 24, 4] codes from B F 2 (0, 1, 1) with α = 0, β = γ = 1. There is no self-dual code over GF (3) from pure construction. There are exactly 8 extremal Type III [48, 24, 15] codes from bordered construction using only No. 20 [20] . B F 3 (0, 1, 2) with α = 0, β = γ = 1 is an example. These codes are all equivalent to the Pless symmetry code S(48), which is, in fact, B F 3 (0, 1, 2) with α = 0, β = 1, γ = 2. Bordered constructions from other DRTs give self-dual [48, 24] codes over GF (3) with minimum distance at most 12.
• Let n = 27. There are 374 DRT of order 27 [20] . Only No. 378 of [20] produces an extremal Type I [54, 27, 10] code using P F 2 (0, 1, 0) and an extremal Type II [56, 28, 12] code using B F 2 (1, 1, 0) with α = 0, β = γ = 1. The rest DRTs give Type I codes with d = 6 or 8 from the pure construction and Type II codes with d = 8 from the bordered construction with α = 0, β = γ = 1.
• Let n = 31. There are at least 6 skew Hadamard matrices of order 32 [28] . So there exist(s) DRT of order 31 [33] . We only consider the Paley type matrix below. We can check there is no self-dual code over GF (3) from pure construction. B F 3 (2, 0, 2) with α = β = γ = 1 gives an extremal Type III [64, 32, 18] code over F 3 . We further note that B F 3 (1, 2, 3) with α = 1, β = 2, γ = 1 is Beenker's code [3] , which is the only known code for this length [23] . It appears that all extremal Type III codes from bordered construction using the Paley type matrix of order 32 are equivalent.
• Let n = 35. It is known [28] that there exist at least 18 skew Hadamard matrices of order 36. So there exist(s) DRT of order 35 [33] . We obtain two inequivalent Type I [70, 35, 10] codes from P F 2 (0, 1, 0) and one Type II [72, 36, 12] code from B F 2 (1, 1, 0) with α = 0, β = γ = 1 using the 15th and 16th skew Hadamard matrices in [28] , after normalizing them according to [33] . Furthermore, we obtain self-dual [72, 36, 15] codes over F 3 from B F 3 (0, 1, 2) with α = 0, β = 1, γ = 2, using these matrices. This minimum distance is 3 less than the ternary quadratic residue code which is an extremal Type III [72, 36, 18] code. This gives a further motivation of the construction of skew Hadamard matrices of order 36.
Instead of going further, we consider the following length.
• Let n = 51. It is known [28] that there exist at least 561 skew Hadamard matrices of order 52. So there exist(s) DRT of order 51. Many P F 2 (0, 1, 0) using these matrices 
Quadratic Double Circulant Codes
Quadratic Double Circulant Codes (QDC) are defined as follows. Let q be an odd prime power. Let χ denote the indicator function of the quadratic residues of F q . Let Q (resp. N ) denote the q by q matrix with zeroes on the main diagonal and χ(j − i) (resp. 1 − χ(j − i) in entry i, j when j = i. For scalars r, s, t of R define the matrix Q q (r, s, t) := rI + sQ + tN. The matrix Q in this construction is the matrix A of our construction and the matrix N is A.
If q = 4 + 1 then A is the adjacency matrix of an SRG, with the following parameters: v = q, κ = 2 , λ = − 1, µ = .
If q = 4 + 3 then A is the adjacency matrix of a DRT, with the following parameters: v = q, κ = 2 + 1, λ = , µ = + 1.
The pure and the bordered constructions given in [13] correspond to our pure and bordered constructions. He constructs P F 2 (0, 1, 0) when q = 8 + 3, P F 4 (1, ω, ω 2 ) when q = 8 + 1, B F 4 (0, ω, ω 2 ), α = 0, β = 1 when q = 8 + 1, P F 4 (0, ω, ω 2 ) when q = 8 − 1, B F 4 (1, ω, ω 2 ), α = 0, β = 1 when q = 8 − 1, as well as numerous self-dual codes over F 9 , F 5 and F 7 .
Conclusion and open problems
In this article we have described two very general constructions (pure and bordered) of selfdual codes from either SRGs or DRT's. One interest of this construction is to unify earlier known constructions of double circulant codes, thus generalizing further [13] . A second interest is to construct self-dual codes with interesting automorphism groups, in keeping with the relations between sporadic simple groups and SRGs.
A third interest is to construct new self-dual codes with high minimum distance. In that respect these constructions perform better when there are many SRG with the same parameters. For instance the 32548 SRGs with parameters (36, 15, 6, 6) yield the best known (and conjecturally the best possible) distances for binary self-dual codes of length 72. (the success rate is about of one per thousand). This suggests that new additions in the Magma database of SRG in the range 40-100 might result into new records for binary self-dual codes of lengths 80-200. In particular the present work is a further motivation for "pseudorandom" constructions of SRGs [6] .
